INTRODUCTION
It is known that every finitely generated Z-module is a direct sum of cyclic modules. The idea of this important property of abelian groups go back to Prüfer [25] . Köthe showed that artinian principal ideal rings have this property. He also proved that if a commutative artinian ring Λ has the property that each of its Λ-modules is a direct sum of cyclic modules, then it is a principal ideal ring and posed the question to classify the noncommutative rings with this property [23] . The Köthe's problem is one of the old problems in rings and modules theory which is not solved yet. A ring for which any right module is a direct sum of cyclic modules, is now called a right Köthe ring. Nakayama gave an example of a right Köthe ring Λ which is not a principal right ideal ring (see [24, page 289] ). Later, Cohen and Kaplansky proved that if a commutative ring Λ is Köthe, then Λ is an artinian principal ideal ring [6] . Combining results of Cohen and Kaplansky [6] and Köthe [23] one obtains that, a commutative ring Λ is Köthe if and only if Λ is an artinian principal ideal ring. A right artinian ring Λ is called representation-finite provided Λ has, up to isomorphism, only finitely many finitely generated indecomposable right Λ-modules. Λ is called right pure semisimple if every right Λ-module is a direct sum of finitely generated right Λ-modules. It is known that a commutative ring Λ is pure semisimple, if and only if, Λ is of finite representation type, if and only if, Λ is an artinian principal ideal ring [18] . A ring Λ is of finite representation type if and only if Λ is right pure semisimple and left pure semisimple [2] . The problem of whether right pure semisimple rings are of finite representation type, known as the pure semisimplicity conjecture, still remains open [2] . It seems that there is a strong connection between pure semisimplicity conjecture and Köthe's problem.
Kawada completely solved the Köthe's problem for the basic finite dimensional K-algebras [20, 21, 22 ] (see also [26] ). Kawada's papers contain a set of 19 conditions which characterize Kawada algebras, as well as, the list of all possible finitely generated indecomposable modules. Ringel by using the multiplicity-free of top and soc of finitely generated indecomposable modules, gave a characterization of Kawada algebras [26] . Behboodi et al. proved that if Λ is a right Köthe ring in which all idempotents are central, then Λ is an artinian principal left ideal ring [4] . Recently the authors have studied the Köthe's problem [13] . In fact, all known results related to the characterization of right Köthe rings obtain from Corollary 3.2 of [13] .
In representation theory, representation-finite algebras are of particular importance since in this case one has a complete combinatorial description of the module category in terms of the Auslander-Reiten quiver. Any right Köthe ring is representation-finite. It seems that a solution of the Köthe's problem need a classification of all representation-finite rings and some further information about the structure of the modules over representation-finite rings, which is a rather difficult problem. In this paper, by using the representation theory techniques and classifications of representation-finite hereditary rings [7, 9, 10] and representation-finite rings with radical square zero [11] , we solve the Köthe's problem in this cases.
In [16] , Gabriel showed that a hereditary finite dimensional algebra is of finite type if and only if the underlying graph of its quiver is a disjoint union of Dynkin diagrams A n , D n , E 6 , E 7 and E 8 , that appear also in Lie theory. He also showed that in this case, there is a bijection between isomorphism classes of finite dimensional indecomposable representations and the positive roots of the corresponding Dynkin diagram. We recall from [15] that a species M = F i , i M j i, j∈I is a finite set of division rings F i and F i -F j -bimodules i M j , i = j. We can attach easily a species to an arbitrary basic ring Λ. Let Λ/J ∼ = n i=1 F i , where n ∈ N, each F i is a division ring and J is the Jacobson radical of Λ. We can write J/J 2 = 1≤i, j≤n i M j , where each i M j = F i (J/J 2 )F j is an F i -F j -bimodule. M Λ = F i , i M j i, j∈I is called the species of Λ (see [15] ). Let Λ be a basic hereditary ring and let M Λ = F i , i M j i, j∈I be the species of Λ. We recall from [9] that a Coxeter valued quiver (C Λ , m) of Λ is a valued quiver with vertices 1, 2, · · · , n corresponding to the division rings F 1 , F 2 , · · · , F n . There exists a valued arrow Dowbor, Ringel and Simson consider hereditary artinian rings of finite representation type (see [9] ). They showed that a hereditary artinian ring Λ is representation-finite if and only if the Coxeter valued quiver
It was proved by Schofield [29, 28] that there exist rings of type I 2 (5). However, the existence of rings of type I 2 (p) with p ≥ 7 remains open. It depends on rather difficult questions concerning division rings. Dowbor and Simson [11] proved that if Λ is a basic artinian ring with radical square zero such that Λ/J is an Artin algebra, where J is the Jacobson radical of Λ, then Λ is of finite representation type if and only if the separated diagram of Λ is a disjoint union of Dynkin diagrams A n , B n , C n , D n , E 6 , E 7 , E 8 , F 4 and G 2 . In this paper, we use Coxeter valued quivers and separated diagrams as a tool for studying the right Köthe rings.
The paper is organized as follows. In Section 2, we prove some preliminary results that will be needed later in the paper. In Section 3, we give a characterization of basic hereditary right Köthe rings of Dynkin type. In Section 4, we give a characterization of basic hereditary right Köthe rings in terms of their Coxeter valued quivers. Finally in Section 5, we give a characterization of basic right Köthe rings with radical square zero in terms of their separated diagrams.
1.1. Notation. Throughout this paper Λ is an associative ring with unit and all modules are unital. Let Λ be a ring. We denote by Mod-Λ (resp., mod-Λ) the category of all right Λ-modules (resp., finitely generated right Λ-modules) and by J the Jacobson radical of Λ. For a right Λ-module M, we denote by top(M) and rad(M) its top and radical, respectively. We write N ≪ M to indicate that N is a small submodule of M. Let X be a representation of a species M and V be a right module over a division ring F. We denote by dimX and dim F V the dimension vector of X and dimension of V , respectively. Let F and G be division rings and M be an
respectively. We denote the left and right dualisations of the F-G-bimodule M by setting
Let X and Y be two right Λ-modules and f : X −→ Y be a homomorphism. We write X / / / / Y (resp., X / / Y ) when f is an epimorphism (resp., f is a monomorphism). Let A be a Λ-submodule of X . We denote by f | A the restriction of f to A. Let M be a right Λ-module and n ∈ N. Then nM denotes the direct sum of n copies of M. Let Q be a quiver and i be a vertex of Q. We denote by i + and i − the set of direct successors of i and the set of direct predecessors of i, respectively. Also, we denote by |i + | and |i − | the cardinal number of i + and i − , respectively. Let K be a field, n ∈ N and 1 ≤ i ≤ n. We denote by e i the vector in nK with a 1 in the i-th coordinate and zero in the j-th coordinate, for each j = i.
PRELIMINARIES
Throughout we will suppose that M = (F i , i M j ) i, j∈I is a species such that i M j = 0 implies that j M i = 0. We recall from [10] that an oriented valued quiver (Γ, d, Ω) of M is a finite set Γ of vertices corresponding to the division rings F i together with non-negative integers
Note that the oriented valued quiver of the species of a basic ring Λ denote by (Γ Λ , d, Ω). An oriented valued quiver is called connected if the underlying graph of the oriented valued quiver is connected. An oriented valued quiver is said to be acyclic if it has no oriented cycles. A representation X i , j ϕ i i, j∈I of M is a family of right F i -modules X i and F jlinear maps j ϕ i :
We denote by Rep(M ) (resp., by rep(M )) the category of all representations of M (resp., finite dimensional representations of M ) [15] . Therefore representations of species are a generalization of representations of quivers.
The following proposition gives the necessary and sufficient conditions for a representation Y i , j ψ i to be small in a representation X i , j ϕ i . 
, where the sum is over all arrows with the target k.
is the canonical quotient map, where the sum is over all arrows with the target k. 
, Ω) and the same argument shows that there exists an arrow
Continuing in this way, we get a cycle in (Γ, d, Ω) which gives a contradiction. Then
In the following proposition we compute the radical and top of a representation of species.
j∈I be a species. Suppose that the oriented valued quiver (Γ, d, Ω) of M is connected and acyclic and let
, Ω) and j γ i = 0 for each i and j.
Proof. For each k ∈ Γ, define the representation
Since the species M is acyclic, by [31, Proposition 1.1], the simple representations F k , k ∈ Γ, form a complete list of all non-isomorphic simple objects in rep(M ). Therefore
is a maximal subrepresentation of (X i , j ϕ i ) if and only if there exists a vertex k ∈ Γ such that (V i , j φ i ) satisfies one of the following conditions:
It follows that rad(
As an immediate consequence of Propositions 2.1 and 2.2, we have the following corollary. 
It is well known that, for a quiver Q, the category of representations of Q over a field K is equivalent to Mod-KQ, where KQ is the path algebra of Q. This fact was generalized nicely for species. For a species M = F i , i M j i, j∈I , one can form a tensor ring R M = t≥0 N (t) , where 
It is well known that the functor F is an equivalence (see [31, Proposition 1.1]). From now on, we fix the functor F.
j∈I be a right finite dimensional species. Suppose that the oriented valued quiver (Γ, d, Ω) of M is connected and acyclic and let
Proof. We have an exact sequence
Since F send small subrepresentations to the small submodules and by Corollary 2.3,
RIGHT KÖTHE RINGS OF DYNKIN TYPE
Let M = F i , i M j i, j∈I be a finite dimensional species and suppose that the oriented valued quiver (Γ, d, Ω) of M is acyclic and connected. The species
. Let k be a sink (resp., source) vertex in (Γ, d, Ω) and [10] ). We recall from [3] a pair of partial Coxeter functors
By using the natural isomorphism Hom
Also, for each sink vertex k ∈ Γ, define the linear transformation s
analogously. The functors S + k and S − k induce quasi-inverse equivalences between the full subcategory of rep(M ) of the representations having no direct summand isomorphic to the simple projective representation F k , and the full subcategory of rep(M k ) of the representations having no direct summand isomorphic to the simple injective representation F k (see [7] and [10] ).
Let k be a vertex in (Γ, d, Ω) and let s k Ω be a new orientation of (Γ, d, Ω) by reversing the direction of arrows along all edges containing k.
is called admissible if each vertex k t is sink with respect to the orientation
and t is a positive integer. For any m ∈ Z, the species M (m) is defined in [10] as follows.
where
The species M has a right (resp., left) finite dimension property if the species M (m) are finite dimensional for all m ≥ 0 (resp., m ≤ 0). M has a finite dimensional property if it has both left and right finite dimensional property. If M has the right (resp., left) finite dimensional property, then the following sequence is a right (resp., left) sequence of partial Coxeter functors of M
where S 
We need the following known result. (1) Φ is finite, spans V , and does not contain 0; (2) If α ∈ Φ, the only multiples of α ∈ Φ are ±α;
A root system Φ is said to be reduced if for each α ∈ Φ, A ring Λ is called semiperfect if Λ/J is a semisimple ring and idempotents lift modulo J. A semiperfect ring Λ is said to be basic if Λ/J is a direct sum of division rings [1] . Let Λ be a basic hereditary artinian ring such that the Coxeter valued quiver (C Λ , m) of Λ is one of the following Coxeter diagrams: A n (n ≥ 1) : For each vertex k ∈ Γ Λ , we have a reflection s k , where s k : nQ → nQ is a linear transformation given by s k x = x − (2B(x, e k )/B(e k , e k ))e k . A group of all linear transformations of nQ generated by the reflections s k , k ∈ Γ, is called Weyl group and it denoted by W. It is well known that the set R = {x ∈ nQ | x = we k for some w ∈ W and k ∈ Γ Λ } is a reduced root system such that the set {e k | k ∈ Γ Λ } is a base for R [7] . Since by Lemma 3.2, M Λ is realization, by [7, Theorem] , Λ is of finite type and there exists a bijection between finite dimensional indecomposable representations of M Λ and positive roots of (Γ Λ , d, Ω).
A finitely generated indecomposable right Λ-module M is called multiplicity-free top if composition factors of top(M) are pairwise non-isomorphic. A ring Λ is said to be right multiplicityfree top if every finitely generated indecomposable right Λ-module is multiplicity-free top [26] . Since by [13, Corollary 3.3] , Λ is a right Köthe ring if and only if Λ is an artinian right multiplicity-free top ring, thus by Proposition 2.4, Λ is right Köthe if and only if every finite dimensional indecomposable representation of M Λ is multiplicity-free top.
In the remainder of this paper we will use the above mentioned notations and results. , where the first 2 is in the i-th coordinate, by Proposition 2.2, there exists a finite dimensional indecomposable representation Y of M Λ which is not multiplicity-free top. It follows that Λ is not right Köthe, which is a contradiction. (⇐) . Assume that X = (X i , j ϕ i ) is a finite dimensional indecomposable representation of M Λ and there exists 1 ≤ t ≤ n such that F t ⊕ F t ⊆ top(X ). Since the Dynkin diagram of (Γ Λ , d, Ω) is of type D n , by [5, Page 271], the positive roots of (Γ Λ , d, Ω) can be expressed as combinations of simple roots as follows:
By Proposition 2.2, dim F t X t = 2 and the vertex t is source. It follows that by (b), t = n − 2. Therefore |(n − 2) + | = 3, which is a contradiction. Thus every finite dimensional indecomposable representation of M Λ is multiplicity-free top. Therefore Λ is a right Köthe ring.
An arm of length t is a pair (Q ′ , k) consisting of a quiver Q ′ of type A t and the vertex k of Q ′ which has at most one neighbor in Q ′ . We say that a quiver Q has an arm (Q ′ , k) if Q ′ is a full subquiver of Q and there are no arrows between the vertices of Q outside of Q ′ and the vertices of Q ′ different from k. Let c be a vertex of a quiver ∆ of tree type. We say that an arrow α : x → y points to c provided y and c belong to the same connected component of the quiver obtained from ∆ by deleting α. Let M = (F i , i M j ) i, j∈I be a species such that for any i, j ∈ I, F i ∼ = F j as division rings and r.dim i M j = l.dim i M j = 1 and suppose that the oriented valued quiver (Γ, d, Ω) of M is of tree type. Let X = X i , j ϕ i be a finite dimensional representation of M and (Q ′ , k) be an arm of (Γ, d, Ω). We say that X is conical on (Q ′ , k) provided j ϕ i is injective for any arrow i → j of Q ′ which points to k and for the remaining arrows l → t of Q ′ , t ϕ l is surjective. The representation X is said to be thin, provided dim to Q ′ is a direct sum of thin indecomposable representations X ( j) with j ∈ J. Let J ′ be the set of indices j ∈ J such that X ( j) k = 0 and let J ′′ be the set of indices j ∈ J such that X ( j) k = 0.
For each vertex t of Q ′ , we set X
is contained in Q ′ \ {k}. Therefore the proof complete. 
Hence by using [5, Page 275] , there exists a finite dimensional indecomposable representation X of M Λ with the dimension vector dimX = 2 12321 . It follows that by Proposition 2.2, there exists a finite dimensional indecomposable representation X of M Λ such that F 6 ⊕ F 6 ⊆ top(X ) which is a contradiction. Therefore 1 ≤ |3 + | ≤ 2. Now we show that for each y ∈ 3 − , there exists at least one arrow with the target y. Assume that there exists y ∈ 3 − such that there is no arrow with the target y. Since |4 + | ≤ 1 and |2 + | ≤ 1, y = 6. Therefore by Proposition 2.2, F 6 ⊕ F 6 ⊆ top(X ), where X is a finite dimensional indecomposable representation of M Λ with the dimension vector dimX = 2 12321 . Hence X is not multiplicity-free top, which is a contradiction.
? _ M 5 where dim F Im( 3 ϕ 2 ) = 1 and dim F Im( 3 ϕ 4 ) = 1. Consequently, M is not indecomposable, which is a contradiction. Thus every finite dimensional indecomposable representation of M Λ is multiplicity-free top. Therefore Λ is a right Köthe ring. 
Since the Coxeter valued quiver of Λ is of type E 7 , by Lemma 3.2(a), there exists a division ring F such that each F i ∼ = F as division rings. Since the Dynkin diagram of (Γ Λ , d, Ω) is of type
by using [5, Page 265] , N 3 = 0. Therefore by Lemma 3.5, N is the representation 
and 5 ψ 7 :
Since by using [5, Page 278], dim F N 7 = 1, N ′ 5 = 0. It follows that N is not indecomposable, which is a contradiction. Therefore dim F N 5 = 2. Since by using [5, Page 278] 
Thus by Lemma 3.5, T = T ′ ⊕ T ′′ , where
and 4 ψ 5 :
Since dim F N 5 = 1, N ′ 4 = 0 and T ′′ = 0. Consequently, N is not indecomposable, which is a contradiction. Now assume that j = 3. Therefore either dim F N 3 = 3 and dim F Im( 3 ψ 4 ) = 1 or dim F N 3 = 4 and 1 ≤ dim F Im( 3 ψ 4 ) ≤ 2. Set
Then by Lemma 3.5, H = H ′ ⊕ H ′′ , where 
and N ′ 3 = 0. Consequently, N is not indecomposable, which is a contradiction. Hence every finite dimensional indecomposable representation of M Λ is multiplicity-free top. Therefore Λ is a right Köthe ring. Proof. Assume that Λ is a right Köthe ring. Then every finite dimensional indecomposable representation of M Λ is multiplicity-free top. Thus by using Proposition 3.7, (Γ Λ , d, Ω) is one of the following quivers:
On the other hand, since Dynkin diagram of (Γ Λ , d, Ω) is of the 
, which is a contradiction. Therefore Λ is not right Köthe.
A CHARACTERIZATION OF RIGHT KÖTHE HEREDITARY RINGS
We recall from [9] 
is a dimension sequence. Since Λ is right Köthe, every finite dimensional indecomposable representation of M Λ is multiplicity-free top. Assume that m > 3 and Therefore by Theorem 3.1, {P 0 , P 1 , · · · , P m−1 } is the set of all finite dimensional indecomposable representations (up to isomorphism) of M Λ , where P 0 is a simple projective representation and 
is a dimension sequence and (C Λ , m) is the quiver
Proof. (⇒).
Assume that Λ is a right Köthe ring. Since the Dynkin diagram of (Γ Λ , d, Ω) is one of the following diagrams
thus by using [5, Pages 267-269] and Proposition 2.2, (C Λ , m) is one of the following quivers
respectively. (⇐) . Since the oriented valued quiver (Γ Λ , d, Ω) of M Λ is one of the following diagrams
thus the Dynkin diagram of (Γ Λ , d, Ω) is one of the following diagrams Proof. Let F and G be division rings and M be an
is a subspecies of M Λ and
0 G has only 5 pairwise non-isomorphic indecomposable right modules. Assume that Λ is a right Köthe ring. Then 3, 6 ). Hence by Proposition 2.2, 5, 2) . Thus by Proposition 2.2, F 3 ⊕ F 3 ⊆ top(P 7 ), which is a contradiction. Therefore Λ is not a right Köthe ring.
As an immediate consequence of Lemma 4.3, we have the following corollary. It is easy to see that the separated diagram of Λ coincides with the oriented valued quiver of M Γ . Moreover, it is well known that Γ =
is a basic hereditary artinian ring.
We conclude this section with the following result which is a characterization of basic right Köthe rings with radical square zero in terms of their separated diagrams. where there exist precisely 6 pairwise non-isomorphic finitely generated indecomposable right and there exist precisely p pairwise non-isomorphic finitely generated indecomposable right and there exist precisely 6 pairwise non-isomorphic finitely generated indecomposable right
-modules, then Γ is a right Köthe ring. Now assume that the oriented valued quiver of Γ is not of type G 2 or I 2 (p) (5 ≤ p < ∞ and p = 6). Then by [12, Theorem 3] , Γ ∼ = R Γ . Moreover by [7, Theorem] , M Γ is of finite type and there exists a bijection between finite dimensional indecomposable representations of M Γ and positive roots of the oriented valued quiver of M Γ . Let F and G be division rings and M be an F-G-bimodule such that r.dimM = l.dimM = 1. Let 
